Abstract. For a Banach algebra A, we introduce various approximate virtual diagonals such as approximate WAP-virtual diagonal and approximate virtual diagonal.
Introduction and Preliminaries
The notion of approximate Connes-amenability for a dual Banach algebra was first introduced by Esslamzadeh et al. (2012) Let A be a Banach algebra and let X be a Banach A-bimodule. An element x ∈ X is called weakly almost periodic if the module maps A → X; a → a · x and a → x · a are weakly compact. The set of all weakly almost periodic elements of X is denoted by WAP(X) which is a norm-closed subspace of X.
For a Banach algebra A, one of the most important subspaces of A * is WAP(A * ) which is left introverted in the sense of [6, §1] . Runde (2004) observed that, the space F (A) = WAP(A * ) * is a dual Banach algebra with the first Arens product inherited from A * * . He also showed that F (A) is a canonical dual Banach algebra associated to A (see [6] or [8, Theorem 4 .10] for more details).
Choi et al. (2014) called F (A) the enveloping dual Banach algebra associated to A and they studied Connes-amenability of F (A). Indeed, they introduced the notion of WAP-virtual diagonal for a Banach algebra A and they showed that for a given Banach algebra A, the dual Banach algebra F (A) is Connesamenable if and only if A admits a WAP-virtual diagonal. They also showed that for a group algebra Given a Banach algebra A, its unitization is denoted by A ♯ . For a Banach A-bimodule X, the topological dual space X * of X becomes a Banach A-bimodule via the following actions Let A be a dual Banach algebra and let a dual Banach space X be an A-bimodule. An element x ∈ X is called normal, if the module actions a → a · x and a → x · a are w * − w * -continuous. The set of all normal elements in X is denoted by X σ . We say that X is normal if X = X σ .
Recall that for a Banach algebra A and a Banach A-bimodule X, a bounded linear map Following [2] , for a given Banach algebra A and a Banach A-bimodule X, the A-bimodule WAP(X * )
is denoted by F A (X) * and its dual space WAP(X * ) * is denoted by F A (X). Choi et al. [2, Theorem 4.3] showed that if X is a Banach A-bimodule, then
is a closed subspace of X * , we have a quotient map q : X * * ։ F A (X). Composing the canonical inclusion map X ֒→ X * * with q, we obtain a continuous A-bimodule map η X : X → F A (X) which has a w * -dense range. In the special case where X = A, we usually omit the subscript and simply use the notation F (A) and the map η A : A → F (A) is an algebra homomorphism.
It is well-known that for a given Banach algebra A, the projective tensor product A⊗A is a Banach
and the map ∆ : A⊗A → A defined on elementary tensors by ∆(a ⊗ b) = ab and extended by linearity and continuity, is an A-bimodule map with respect to the module structure of A⊗A. Let ∆ WAP :
Corollary 5.2] for more details).
Recall that an A-bimodule X is called neo-unital if every x ∈ X can be written as a · y · b for some a, b ∈ A and y ∈ X. Remark 1.3. Let A be a Banach algebra with a bounded approximate identity and let X be a Banach A-bimodule. Then by [5, Proposition 1.8], the subspace
Approximate Connes-amenability of F (A)
In this section we find some conditions under which F (A) is approximately Connes-amenable. For an arbitrary dual Banach algebra A, approximate Connes-amenability of A is equivalent to approximate Connes-amenability of A ♯ [3, Proposition 2.3], so without loss of generality throughout of this section we may suppose that F (A) has an identity element e.
Remark 2.1. Let A be a Banach algebra with an identity element e. Let X be a normal dual A-bimodule and let D : A → X be a bounded derivation. By [4, Lemma 2.3], there exists a bounded derivation 
that is, the following diagram commutes
is approximately Connes-amenable, the derivationD is approximately inner. Since η A is an algebra homomorphism, the derivationDη A is also approximately inner. Hence the derivation η N D is approximately inner, that is, there is a net (
By [3, Corollary 5.3] there is a w * − w * -continuous A-bimodule map ǫ N : 
Proof. (i)⇒(ii) Fix s ∈ F A (A⊗A) as mentioned in Remark 2.3. We note that ker ∆ WAP is a normal dual F (A)-bimodule, now we define a w * − w * -continuous derivation D :
s·a−a·s (a ∈ F (A)). Since F (A) is approximately Connes-amenable, the derivation D is approximately inner. Thus there is a net (N
If we set M α = N α + s for every α, then we have ∆ WAP (M α ) = ∆ WAP (s) = e and for every a ∈ A using (2.1) we have
as required.
(ii)⇒(i) The hypothesis in (ii) ensures that each M α − s is in ker ∆ WAP and for every a ∈ A 
for every α. Using (2.2) for every a ∈ A we have
Hence D is approximately inner and this completes the proof.
Now we introduce a notion of an approximate WAP-virtual diagonal for A.
Definition 2.5. Let A be a Banach algebra and let F (A) has an identity element e. An approximate
in the norm topology. (ii) A has an approximate WAP-virtual diagonal.
Proof. (i)⇒(ii) It is immediate by Lemma 2.4.
(ii)⇒(i) Suppose that A has an approximate WAP-virtual diagonal. Then there exists a net (M α ) α ⊆ F A (A⊗A) such that for every a ∈ A, For every x ∈ N * consider the functional f x ∈ F A (A⊗A) * defined by f x (a⊗b) = (a·D(b))(x) (a, b ∈ A).
Note that for every m ∈ A⊗A we have 
Consider the
This together with equation (2.4) imply that D(a) = lim α ad λα (a) for every a ∈ A, so D is approximately inner.
Approximate-type virtual diagonals
Suppose that A is a Banach algebra. Consider the A-bimodule map ∆ * :
Definition 3.1. Let V ⊆ (A⊗A) * be a non-zero closed subspace and let E ⊆ (
We consider the following cases 1-Let V = (A⊗A) * . Then we obtain a new concept of a diagonal for A, called an approximate
Then we obtain an approximate (A⊗A) * ess -virtual diagonal for A.
In the following proposition we show that how these two diagonals deal with. Proposition 3.2. Let A be a Banach algebra with a bounded approximate identity. If A has an approximate (A⊗A) * ess -virtual diagonal, then it has an approximate virtual diagonal.
Proof. Let V = (A⊗A) * ess . By Remark 1.3, V is a closed subspace of (A⊗A) * and we have an isomorphism
in (A⊗A) * * , there exists an A-bimodule projection P : (A⊗A) * * → V ⊥ and so there is an A-bimodule isomorphism ι : (I − P )(A⊗A) * * → V * . For every v ∈ V and T ∈ V * by definition of τ we have
Moreover, for a ∈ A by Cohen's factorization theorem, there exist x, b, y ∈ A such that a = ybx. Since for every ψ ∈ A * we have bx · ψ · y ∈ A * ess and since A *
Also since (F α ) is an approximate (A⊗A) * ess -virtual diagonal and since ∆ * (x · ψ · y) ∈ V , we have
Hence (3.2) and (3.3) imply that
We conclude from (3.1) and (3.4) that a · M α − M α · a → 0, ∆ * * (M α ) · a, ψ → ψ, a , which means that (M α ) is an approximate virtual diagonal for A.
As a corollary of Lemma 2.2, if a Banach algebra A is approximately amenable, then F (A) is approximately Connes-amenable. For the rest of the paper we consider the converse of this result in the special case, whenever A = ℓ 1 (G). Indeed, we show that for a discrete group G, if ℓ 1 (G) has an approximate WAP-virtual diagonal, then it has an approximate virtual diagonal, although the existence of an approximate virtual diagonal is weaker than approximate amenability of ℓ 1 (G).
We identify L 1 (G)⊗L 1 (G) with L 1 (G × G) as L 1 (G)-bimodules (see [1, Example VI. 14] for instance).
Let I be the closed ideal in L ∞ (G × G) ess generated by ∆ * (C 0 (G)) as in [2, Definition 8.1] , that is, 
